Deformation quantization is applied to quantize gravitational systems coupled with matter. This quantization procedure is performed explicitly for quantum cosmology of these systems in a flat minisuper(phase)space. The procedure is employed in a quantum string minisuperspace corresponding to an axion-dilaton system in an isotropic FRW Universe. The Wheeler-DeWittMoyal equation is obtained and its corresponding Wigner function is given analytically in terms of Meijer's functions. Finally, this Wigner functions is used to extract physical information of the system.
I. INTRODUCTION
Our contribution to the VIII Mexican workshop on gravitation and mathematical-physics 2010 focused on explaining the implementation of the deformation quantization formalism to a gravitational field coupled to matter. Also it was considered its application to diverse cosmological models and the baby Universe system. The analysis included a minisuperspace approach of the de Sitter model, the Kantowski-Sachs Universe (for the commutative and non-commutative cases) and finally we discussed the case of string cosmology with a dilaton exponential potential. The detailed construction is presented in [1] (and references therein) and will not be repeated here. Instead we will apply the formalism to another case using the minisuperspace approach of string cosmological models involving axion and dilaton fields in a curved space. The issues we will discuss in section two involve mainly a brief review of the Weyl-Wigner-Groenewold-Moyal (WWGM) formalism of deformation quantization [2] in the context of quantum cosmological models. This is an integral functional formalism and it is well defined in the case of the whole Wheeler's superspace of 3-metrics in the ADM's description of gravity and matter.
The four dimensional low energy effective field theory action of string theory contains at least three massless fields: the graviton, the axion and the dilaton [3] . Indirect evidences of low energy string theory can appear in the physical consequences of the axion in a curved spacetime [4] . In string theory the dilaton is quite relevant since it defines the string coupling constant.
One of the most important models of string cosmology is the pre-big-bang scenario [5] . It incorporates the target space string duality through the scale factor duality. This predicts a decreasing curvature for negative values of the time coordinate. This curvature is the specular image of the so-called post-big-bang cosmology. The pre-big-bang cosmology scenario is important as it is a modification produced by string theory which is (at least perturbatively) a consistent theory of quantum gravity. Thus it is expected to describe the correct modification to standard general relativity at very early times. The prediction is that there is not a standard big-bang singularity since it is smoothed by the scale factor duality coming from target space duality. In the present paper we study precisely the quantum cosmological model regarding the pre-big-bang scenario in the context of the quantization of the phase space of the minisuperspace of these models. In particular we discuss the cosmological model of a string theory in four dimensions with axion and dilaton fields in a curved space [6] .
The rest of the paper is organized as follows. In section three, we apply the deformation quantization formalism to string cosmology with axion and dilation in a curved minisuperspace approach and we find the exact Wigner functional which is equivalent to the quantum states of the Universe. In the last section, we give our final remarks.
II. DEFORMATION QUANTIZATION OF THE GRAVITATIONAL FIELD COU-PLED TO MATTER
We start by giving a brief overview of the Hamiltonian formalism for the gravitational field. In particular we consider the ADM decomposition of general relativity coupled to matter (see for instance [7] ). We take a globally hyperbolic spacetime modeled with a pseudo Riemannian manifold (M, g) where M = Σ×R and ds where Diff(Σ) is the group of diffeomorphisms of Σ. The corresponding phase space is given by
and L EH is the Einstein-Hilbert Lagrangian. In the following we will deal with fields at the moment t = 0 (on Σ) and we put h ij (x, 0) ≡ h ij (x) and
The kind of systems considered here are invariant under diffeomorphisms thus their canonical Hamiltonian is pure constraint. Therefore we only should worry to solve the constraints of the theory. These are the momentum and the Hamiltonian constraint. This latter is written as
where
, with L M stands for the matter Lagrangian, Λ is the cosmo-
,j denotes partial derivative with respect to x j and h is the determinant of h ij . One of the most important structures for quantization is the Poisson bracket between h ij and π kl given by
The canonical quantization promotes the canonical variables to operators acting on some Hilbert space (or Fock space). In the h-representation they look like:
These operators satisfy the commutation relations
and similar expressions for the matter part. The Hamiltonian constraint at the quantum level is given by H ⊥ |Ψ = 0. In the h-representation we have the constraint given by
where The deformation quantization of gravity in ADM formalism and constrained systems has been considered in [8] . In the rest of the paper we assume that the superspace has a flat metric G ijkl to ensure the existence of the Fourier transform.
Let F [h ij , π ij ; Φ, π Φ ] be a functional on the phase space Γ * (Wheeler's phase superspace) and let F [µ ij , λ ij ; µ, λ] be its Fourier transform
. By analogy to the quantum mechanics case, we define the Weyl quantization map W as follows
Here h ij , π ij , Φ and π Φ are the field operators defined by:
The Campbell-Baker-Hausdorff formula, commutator algebra and the completeness relations lead to an explicit form for the operator U to be
One immediately obtains the following structure
where the operator Ω is the Stratonovich-Weyl quantizer and it is given by
This operator can be written in the following form (that can be very useful to invert the mapping W)
The space A of all functionals on the phase space Γ * i.e. A :
forms with the usual product an associative and commutative algebra. This algebra can be deformed into an associative and non-commutative algebra A ⋆ with the ⋆−product. In relation to the W map this ⋆ product is defined as:
or after some straightforward computations
where ↔ P is the operator given by
Let ρ be the density operator of a quantum state. The functional
For a pure state of the system ρ = |Ψ Ψ| we have
It is now possible to write the Hamiltonian constraint in terms of the ⋆−product and the
Wigner functional as
This is the Moyal deformation of the Wheeler-DeWitt equation an we will just called it the Wheeler-DeWitt-Moyal (WDWM) equation.
III. DEFORMATION QUANTIZATION IN QUANTUM COSMOLOGY
String theory can be employed to describe the evolution of the early Universe and one of the most important areas of research are the cosmological consequences of the dilaton and its role in the pre-big-bang scenario [5] . An interesting case to deal with under the deformation quantization procedure is the axion-dilaton quantum cosmology in curved space [6] .
A. Axion-dilaton quantum cosmology in curved space
Let's start with a model in a FRW metric with Λ = 0, axion energy density, dilaton field and spatial curvature described by the following effective action
where λ s denotes the string length, q 2 codifies the contribution of axion energy density [6] , κ is related to the spatial curvature and the prime variables stand for the derivatives with respect to the dilaton time [9] .
Using now the variables
The corresponding WDW equation takes the following form
The solutions of this equation are obtained by the method of separation of variables Ψ(y, φ) = χ α (y)ψ α (φ). In this way we get for the χ α (y) and ψ α (φ) parts the following equations
where α is the separation constant.
We consider the case for κ > 0, for which the general solutions to both parts are given by
To avoid an infinite value of the wave function as y → −∞ and φ → −∞ we must choose
, which corresponds to the prebig-bang regime for α 2 < 3λ of imaginary order. Using the result given in [10] we normalize the χ α (y) part of the wave function in the following form
and a similar expression can be found for the φ part.
In order to write the WDWM equation (17) it is very useful to employ the next relation
from which we obtain the following equation The last expression can be split into two equations corresponding to its real part
and its imaginary part
We propose ρ(y, P y , φ, P φ ) = ρ y (y, P y )ρ φ (φ, P φ ), and taking into account that e ia∂x f (x) = f (x + ia) then from the two previous equations we obtain the following results:
For the function ρ y (y, P y ) and for the function ρ φ (φ, P φ )
where we have defined the functions u(y) =
.
It is hard to solve the last two equations, so to obtain their solutions we will follow a different approach and will use the integral representation for the Wigner function. We can found its y part by computing
Defining the variables ω = e q/2 √ 3 and z = a = 3 λs √ κe −y/ √ 3 , we get:
Using now the following result (see Sec. 19.6 formula (25) in [11] and the comment in
where G 40 04 a 2 z 2 16
is a special case of Meijer's G function (see Sec.
5.3 in [13] )
we obtain the following expression
Now, employing the Meijer's function property
equation (36) can be written as
It is possible to verify that this Wigner function indeed satisfy equation (30).
Performing a similar procedure we can obtain the following Wigner function for the φ part
which fulfills Eqn. (31).
We can gain some physical insight if we plot the Wigner functions of the corresponding 
